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Abstract. In this paper we present a new approach to Grothendieck duality 
over commutative rings. Our approach is based on the idea of rigid dualizing 
complexes, which was introduced by Van den Bergh in the context of noncom- 
mutative algebraic geometry. The method of rigidity was modified to work 
over general commutative base rings in our paper |YZ5) . In the present paper 
we obtain many of the important local features of Grothendieck duality, yet 
manage to avoid lengthy and difficult compatibility verifications. Our results 
apply to essentially finite type algebras over a regular noetherian finite dimen- 
sional base ring, and hence are suitable for arithmetic rings. In the sequel 
paper |Ye4l these results will be used to construct and study rigid dualizing 
complexes on schemes. 



0. Introduction 

Grothendieck duality for schemes was introduced in the book "Residues and 
Duality" [RDJ by R. Hartshorne. This duality theory has applications in various 
areas of algebraic geometry, including moduli spaces, resolution of singularities, 
arithmetic geometry, enumerative geometry and more. 

In the forty years since the publication of |RD| a number of related papers 
appeared in the literature. Some of these papers provided elaborations on, or more 
explicit versions of Grothendieck duality (e.g. [Klj . |Lil| . |HKj . |Ye2j . |Ye3| . [5a]). 
Other papers contained alternative approaches (e.g. |RD| Appendix], [Ve] and [Nej). 
The recent book |Coj is a complement to |RD| that fills gaps in the proofs, and also 
contains the first proof of the Base Change Theorem. A noncommutative version 
of Grothendieck duality was developed in [Yelj . which has applications in algebra 
(e.g. [EG]) and even in mathematical physics (e.g. [KKOj ) . Other papers sought to 
extend the scope of Grothendieck duality to formal schemes (e.g. |AJL] and ,LNS ) 
or to differential graded algebras (see |FIJj ). 

One of the fascinating features of Grothendieck duality is the complicated inter- 
play between its local and global components. Another feature of this theory (in 
some sense parallel to the first) is the gap between formal categorical statements and 
their concrete realizations. Much of the effort in studying Grothendieck duality was 
aimed at clarifying the local-global interplay, and at bridging the above-mentioned 
gap. 
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In this paper we present a new approach to Grothendieck duality for commu- 
tative rings (i.e. afhne schemes). The sequel |Ye4] will treat schemes in general 
(including duality for proper morphisms). The key idea in our approach is the 
use of rigid dualizing complexes. This notion was introduced by Van den Bergh 
VdB] in the context of noncommutative algebraic geometry, and was developed 
further, in the noncommutative direction, in our papers |YZ1[ IYZ2, YZ3l IYZ4] . In 
the paper |YZ5j we worked out the fundamental properties of rigid complexes over 
commutative rings relative to an arbitrary commutative base ring (as opposed to a 
base field). Attaching a rigid structure to a dualizing complex eliminates all non- 
trivial automorphisms. Moreover, rigid dualizing complexes admit several useful 
operations, such as localization and traces. 

The general concept of "rigidity" is familiar in other areas of algebraic geometry 
(e.g. level structures on elliptic curves, or marked points on higher genus curves). 
Actually, in Grothendieck's original treatment |RD| duality (local and global) itself 
was used as a sort of "rigid structure" on dualizing complexes, but this was very 
cumbersome (amounting to big commutative diagrams) and hard to employ. On the 
other hand, Van den Bergh's rigidity is very neat, and enjoys remarkable functorial 
properties. 

The background material we need in this paper is standard commutative al- 
gebra, the theory of derived categories, and the theory of rigid complexes over 
commutative rings from [YZ5] . All of that is reviewed is Section 1 of the paper, 
for the convenience of the reader. We also need a few isolated results on dualizing 
complexes from |RDj . 

Let us explain what are rigid dualizing complexes and how they are used in our 
paper. Fix for the rest of the introduction a finite dimensional, regular, noetherian, 
commutative base ring K (e.g. a field, or the ring of integers). Recall that an 
essentially finite type commutative K-algebra A is by definition a localization (with 
respect to a multiplicatively closed subset) of some finitely generated K-algebra. 
Note that the rings T(U, Ox) and Ox.x, where X is a finite type K-scheme, U C X is 
an affine open set and x £ X is a point, are both essentially finite type K-algebras. 
We denote by EFTAIg /K the category of essentially finite type commutative K- 
algebras, and by default we will stay within this category. 

We shall use notation such as /* : A — > B for a homomorphism of algebras, 
corresponding to a morphism of schemes / : Speci? — ► Spec A. This convention, 
although perhaps awkward at first sight, fits better with the usual notation for 
associated functors. Thus there are functors /* : Mod B — > Mod A (restriction of 
scalars, which is push-forward geometrically) and /* : Mod A — > Mod B (exten- 
sion of scalars, i.e. B <S>a —, which is pull-back geometrically). For composable 

homo morphisms A — > B — > C we sometimes write (/ o g)* instead of g* o /*. 

For a K-algebra A the derived category of complexes of A-modules is denoted 
by D(ModA), with the usual modifiers (e.g. Dj?(Mod^4) is the full subcategory of 
bounded complexes with finitely generated cohomologies) . 

Given a complex M E D(Mod^4) we define its square Sq A / K M G D(ModA). 
The functor Sq A / K from the category D(ModA) to itself is quadratic, in the sense 
that given a morphism cf> : M — > N in D(Mod^4) and an clement a 6 A, one has 
S<U/ K («</>) = fl2 Scu/k(<^). 
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A rigidifying isomorphism for M is an isomorphism p : M — ► Sq^/jj M in 
D(Mod A). If M e Dj?(Mod vl) then the pair (M,p) is called a rigid complex over 
A relative to K. Suppose (M,pm) and (N, pjv) ar e two rigid complexes. A rigid 
morphism cj> : (M,pm) —> {N,pn) is a morphism : M — ► iV in D(Modyl) such 
that pn °4> = SIa/kW °Pm- Observe that if (M, pu) is a rigid complex such that 
RHohua (M,M) = A, and : (M,pm) — ► {M,pw) is a rigid isomorphism, then (/> 
is multiplication by some invertible element a £ 4 satisfying a = a 2 ; and therefore 
a = 1. We conclude that the identity is the only rigid automorphism of (M, pu)- 

Let B be another K-algebra, and let /* : A — > B be a finite K-algebra homo- 
morphism. Define 

/ b M := RHomyt(-B,M) € D+(Mod B). 

If f M has bounded cohomology then there is an induced rigidifying isomorphism 
f\p M ) ■ f b M Sq B/K / b M. We write f(M,p M ) := (fMj\p M )). 

Next we consider essentially smooth homomorphisms. By definition f*:A^B 
is essentially smooth if it is essentially finite type and formally smooth. Then B is 
flat over A, and the module of differentials is a finitely generated projective 

S-module. The rank of Q b /a might vary on Spec£>; but if it has constant rank n 
then we say /* is essentially smooth of relative dimension n. An essentially smooth 
homomorphism of relative dimension is called an essentially etale homomorphism. 

Let /* : A — > B be an essentially smooth homomorphism, let B = Y[ Bt be 
the decomposition of SpecS into connected components, and for any i let rij := 
rank^ i f2^. , A . We then define 

/' M : = 0, n B i/A [ n i] ®AMe D^Mod B). 

There is an induced rigidifying isomorphism /"(pa/) : f^M —* Sq B / K /"M, and 
thus a new rigid complex /"(M, p^) '•= {pM, P{pm))- 

Now let's consider dualizing complexes. Recall that a complex R € Dj?(Mod A) is 
dualizing if it has finite injective dimension over A, and if the canonical morphism 
A — > RHomA(i?, R) is an isomorphism. A rigid dualizing complex over A relative 
to K is a rigid complex (i?, p) such that R is dualizing. 

Here is the main result of our paper. 

Theorem 0.1. Let K be a regular finite dimensional noetherian ring, and let A be 
an essentially finite type ~K-algebra. 

(1) The algebra A has a rigid dualizing complex (Ra,Pa), which is unique up 
to a unique rigid isomorphism. 

(2) Given a finite homomorphism f* : A — > B, there is a unique rigid isomor- 
phism f(R A ,p A ) (R B ,p B ). 

(3) Given an essentially smooth homomorphism f*:A—*B, there is a unique 
rigid isomorphism P{Ra, Pa) ~* (Rb,Pb)- 

This theorem is repeated as Theorem l2.6l in the body of the paper. 
The next result is one we find quite surprising. Its significance is not yet under- 
stood. 

Theorem 0.2. Let K be a regular finite dimensional noetherian ring, and let A 
be an essentially finite type K-algebra. Assume Spec A is connected and nonempty. 
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Then, up to isomorphism, the only nonzero rigid complex over A relative to K is 
the rigid dualizing complex (Ra,Pa)- 

This theorem is repeated as Theorem l2.10l 

Let A be some K-algebra. Using the rigid dualizing complex Ra we dehnc the 
auto-duality functor Da '■= RHom^f- , Ra) of Df (Mod A). Due to Theorem 10. If 1) 
this functor is independent of the rigid dualizing complex Ra chosen. Given a 
K-algebra homomorphism /* : A — > B we define the twisted inverse image functor 

f : D+(Mod A) -> D+(ModB) 

as follows. If A = B and /* = 1a (the identity automorphism) then f := 
■'"D + (Mod A) (^ ne identity functor). Otherwise we define /■ := DbL/*Da- 

As explained in Corollarv l3.8( the base ring K can sometimes be "factored out" 
of the construction of the twisted inverse image functor /'. 

Suppose we are given two homomorphisms A > B > C in EFTAIg /K. Then 
there is an obvious isomorphism 

4>f, a ■ (f°g) ] ^ if 

of functors D^(ModA) — > D^(ModC), coming from the adjunction isomorphism 

1 D B D B on D+(Mod£). For three homomorphisms A A B C D in 
EFTAIg /K the isomorphisms <fi-.- satisfy the compatibility condition 

(f>g,h ° 4>f,goh = 4>f,g ° 4>fog,h '■ if ° 9 ° h) — * h' g' f 

(see Proposition [3l4|). This means that the assignment /* ^ f is the 1-component 
of a 2-functor EFTAIg /K — » Cat, whose 0-component is A i— ► D^(Mod A). Here 
Cat denotes the 2-category of all categories. (The notion of 2-functor is recalled in 
Section [3l) 

The next theorem (which is a consequence of Theorem 10 .lj) describes the variance 
properties of the twisted inverse image 2-functor /* i— > f\ 

Theorem 0.3. Let f*:A^B be a homomorphism in EFTAIg /K. 

(1) Iff* is finite, then there is an isomorphism 

of functors D^(ModA) — > D^Mod B). These isomorphisms are 2-fun- 
ctorial for finite homomorphisms. 

(2) If f* is essentially smooth, then there is an isomorphism 

of functors D^(ModA) — > D^(Mod B). These isomorphisms are 2-fun- 
ctorial for essentially smooth homomorphisms. 

For more detailed statements and proofs see Theorems 13.51 and 13.61 
In the situation of a finite homomorphism /* : A — + B, part (1) of the theorem 
gives rise to the functorial trace map 

'I n : /./' - 1. 

This is a nondegenerate morphism of functors from D^Mod A) to itself. See Propo- 
sition [472] for details. 
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If /* : A — > B is essentially etale, then from part (2) of the theorem we get the 
functorial localization map 

which is a nondegenerate morphism of functors from D^(Mod A) to itself. See 
Proposition 14.41 for details. The relation between functorial localization maps and 
functorial trace maps is explained in Proposition [43] 

Here is an application to differential forms, which is a corollary to Theorem l0.3l 

Corollary 0.4. Suppose A — ► B —> C are homomorphisms in EFTAIg /IK, with 
A — > B and A — > C essentially smooth of relative dimension n, and B — > C finite. 
Then there is a nondegenerate trace map 

T^C/B/A ■ ^C/A ^^B/A- 

The trace maps Tr_/_/^ are functorial for such finite homomorphisms B — > C , 
and commute with the localization maps for a localization homomorphism B — > B' . 

This is restated (in more detail) as Theorem 15.21 and Proposition 15.81 In some 
cases we can compute Tr^ m /a ! see Propositions 15.91 and 15.101 

For a finite flat homomorphism A — > B let tig /a : B — > A be the usual trace 
map, i.e. tr gi^(b) £ A is the trace of the operator b acting of the locally free 
A- module B. 

Here is another result relating traces and localization. It is not a consequence of 
Theorem l0.3l but instead relies on the fact that for an etale homomorphism A — > B 
one has a canonical ring isomorphism B ®a B = B x B' , where B' is the kernel of 
the multiplication map B (&a B — > B. This is interpreted in terms of rigidity. 

Theorem 0.5. Suppose f*:A^Bis a finite etale homomorphism in EFTAIg /K, 

so the localization map : A — > f A induces an isomorphism 1 ® q* : B —> f'A. 
Then the diagram 




is commutative. 

This result is repeated (in slightly more general form) as Theorem 14.61 
To conclude the introduction let us mention how our twisted inverse image 2- 
functor compares with the original constructions in [RD] . We shall restrict attention 
to the category FTAIg /K of finite type K-algebras. (This is of course the opposite of 
the category of finite type affine K-schemes.) Given a homomorphism f*:A^B 
in FTAIg /K let us denote by 

/ !(G) : Df"(Mod A) -> D^ModB) 

the twisted inverse image from [RDj . In particular, for an algebra A, with structural 
homomorphism 7r^ : K — > A, we obtain the complex := 7r^i G ^K G D^(Mod A), 
which is known to be dualizing. In Theorem l3 . 1 01 we show that for any A G FTAIg /K 
there is an isomorphism R A = Ra in D(Modyl). This implies that there is an 
isomorphism / ! = / ! ' G ' of 2-functors FTAIg /IK — > Cat. In general we do not know 
an easy way to make the isomorphisms R\ = Ra canonical; but see Remark 1 3. Ill 
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1. Review of Rigid Complexes 

In this section we recall definitions and results from the paper )YZ5j . 

Throughout the paper all rings and algebras are assumed to be commutative by 
default. Given two rings A and B we denote a homomorphism between them by 
an expression such as /* : A — > B. This of course signifies that the corresponding 
morphism of schemes is / : Spec B — ► Spec A. The benefit of this notation is that 
it is compatible with the customary notation for various related functors, such as 
/* : Mod B — > Mod A (restriction of scalars, which is direct image for schemes), and 
/* : Mod A — » Mod B (base change, i.e. f*M = B ®a M, which is inverse image for 
schemes). 

Given a ring A we denote by D(Modyl) the derived category of complexes of 
A-modules. If A is noetherian then we denote by D{? (Mod A) the full subcategory 
consisting of bounded complexes with finitely generated cohomology modules. 

In |YZ5( Section 2] we introduced the squaring operation. Let A be a ring, B an 
A-algebra and M S D(Mod B). The square of M over B relative to A is a complex 
Sq B i A M e D(Mod B). In case B is flat over A one has the simple formula 

Sq BM M = RHom B0AjB (B, M ®\ M). 

But in general it is necessary to replace B®aB with B^aB in the formula defining 
Sq B /^Af, where B is a suitable differential graded ^4-algebra, quasi-isomorphic to 
B. 

Suppose C is another A-algebra, /* : B — > C is an ^4-algebra homomorphism, 
N e D(Mod C), and </) ■ N —> M is a morphism in D(Mod B). (Strictly speaking, <p 
is a morphism /*iV — * M). Then there is an induced morphism 

SQ/./aO) : Sq c/A N -> Sq B/A M 

in D(ModS). The formation of Sq^*/^^) is functorial in /* and in cf). 

Specializing to the case C — B and /* = Is (the identity homomorphism), we 
obtain a functor 



Sq B/A := Sq lsA4 : D(ModS) -> D(ModB). 
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This functor is quadratic, in the sense that for any <p G HomD(M d B) (M, N) and 
b £ B one has 

Sfls/AiH) = b 2 Sq B/A ((f>). 
The next definition is a variant of the original definition of Van den Bergh [VdBJ . 

Definition 1.1. Let A be a ring and B a noetherian A- algebra. A rigid complex 
over B relative to A is a pair (M, p), where: 

(1) M is a complex in Dj? (Mod B) which has finite flat dimension over A. 

(2) p is an isomorphism 

p:M ^Sq B/A M 

in D(ModB), called a rigidifying isomorphism. 

Definition 1.2. Let A be a ring, let B and C be noetherian A-algebras, let /* : 
B — > C be an A-algebra homomorphism, let (M, p) be a rigid complex over B 
relative to A, and let (N, a) be a rigid complex over C relative to A. A rigid trace 
morphism relative to A 

<t>:(N,a)^(M,p) 
is a morphism <fi : N — > M in D(Mod £?), such that the diagram 

JV Sq c/A N 

M— P —>S<Ib/a m 
is commutative. 

Clearly the composition of two rigid trace morphisms is again a rigid trace mor- 
phism. 

Specializing Definition If .21 to the case C = B and /* = 1b, we call such a 
morphism <f> a rigid morphism over B relative to A. Let Dj? (Mod B) rig / A be the 
category whose objects are the rigid complexes over B relative to A, and whose 
morphisms are the rigid morphisms. 

Recall that a ring homomorphism /* : A — > B is called finite if B is a finitely 
generated ^4-module. Given a finite homomorphism /* : A — > B we define a functor 

f : D(Mod A) -> D(ModB) 

by 

/ b Af := RHom A ( J B,M). 
For any M G D(Mod A) there is a morphism 

(1.3) IV; :U :/-/'.\/ -,\/ 

called the £race map, which is induced from the homomorphism <f> i— » <^(1) for 
G HomA(-B,M). In this way we get a morphism Tr^ : — ► 1 of functors 
from D(Modv4) to itself. Note that for any N G D(ModB) the homomorphism of 
S-modules 

HomD(ModB)(A r , f°M) — > HomD(ModA) (N,M), V^Tr^o^ 
is bijective (this is the adjunction isomorphism). 
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Definition 1.4. Let /* : A — » B be a ring homomorphism, M 6 D(Mod A) and 
./V G D(Mod £>). A morphism tj> : N — > M in D(ModA) is called a nondegener- 
ate trace morphism if the corresponding morphism iV — > /^M in D(Mod_B) is an 
isomorphism. 

Here's the first result about rigid complexes, which explains their name. 

Theorem 1.5. Let A be a ring, let f* : B — > C be a homomorphism between noe- 
therian A-algebras, let (M,p) G D{? (Mod B) lig i A and let (N,a) G D]? (Mod C) lig / A . 
Assume the canonical ring homomorphism C — ► End D ( Moc ic)(-^0 * s bijective. Then 
there is at most one nondegenerate rigid trace morphism (N, a) — > (M, p) over B 
relative to A. 

Proof. This is a slight generalization of |YZ5| Theorem 0.2]. Suppose we are given 
two nondegenerate rigid trace morphisms </>,<f/ : (N,a) — > (Af, p). Since is non- 
degenerate it follows that Hom D ( ModB )(iV, M) is a free C-module with basis 0. So 
0' = c0 for some unique element c G C. Because <p' is nondegenerate too we see 
that c is an invertible element. Next, since both <j> and 4>' are rigid, |YZ5[ Corollary 
2.7] says that c 2 = c. Thus c = 1 and <j>' = (f). □ 

Corollary 1.6 ( |YZ5| Theorem 0.2]). Taking B = C, /* = l s and (AT, cr) = (M, p) 
m Theorem 11.5} we see i/iai £/ie onZy automorphism of(M,p) in Dj? (Mod -B) r i g /A is 
i/ie identity 1m- 

Here are a few results about pullbacks of rigid complexes. 

Theorem 1.7 ( |YZ5[ Theorem 5.3]). Let A be a noetherian ring, let B, C be essen- 
tially finite type A-algebras, let f* : B — > C be a finite A-algebra homomorphism, 
and let (M, p) G Dj? (Mod B) llfi / A . Assume f M has finite flat dimension over A. 

(1) The complex f b M has an induced rigidifying isomorphism 

f(p):f b M^Sq c/A f b M. 

(2) The rigid complex 

f b (M,p) := (/ b Af,f (p)) G D^ModC) rigM 

depends functorially on (M,p) and on f* . 

(3) Assume moreover that Hom D ( Moc j c) (f^M, f b M) = C. Then Tr^-. M is the 
unique nondegenerate rigid trace morphism f b (M, pu) — ► {M,Pm) over B 
relative to A. 

Let A be a noetherian ring. Recall that an A-algebra B is called formally smooth 
(resp. formally etale) if it has the lifting property (resp. the unique lifting property) 
for infinitesimal extensions. The A-algebra B is called smooth (resp. etale) if it is 
finitely generated and formally smooth (resp. formally etale). 

In [YZ51 Section 3] we introduced a slightly more general kind of ring homo- 
morphism than a smooth homomorphism. Again A is noetherian. Recall that an 
A-algebra B is called essentially finite type if it is a localization of some finitely gen- 
erated A-algebra. We say that B is essentially smooth (resp. essentially etale) over 
A if it is essentially finite type and formally smooth (resp. formally etale). The 
composition of two essentially smooth homomorphisms is essentially smooth. If 
A — > B is essentially smooth then B is flat over A, and ft^/A is a finitely generated 
projective £?-module. 
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Let A be a noetherian ring and /* : A — > B an essentially smooth homomor- 
phism. Let Speci? = \\ i Spec Bi be the decomposition into connected components, 
and for every i let rii be the rank of Qg. , A . We define a functor 

f : D(Mod A) -> D(ModS) 

by 

i 

Theorem 1.8 ( |YZ5[ Theorem 6.3]). Let A be a noetherian ring, let B,C be es- 
sentially finite type A-algebras, let f* : B — > C be an essentially smooth A-algebra 
homomorphism, and let (M,p) G Dj?(Mod -E>) r i g /A- 

(1) The complex f^M has an induced rigidifying isomorphism 

/*(p):/»M^Sq c/A /»M. 

(2) The rigid complex 

P(M,p) := (/»M,/»(p)) G D^(ModC) rigM 

depends functorially on (M, p) and on /*. 

Definition 1.9. Suppose /* : A — > £> is essentially etale, so that /"M = B ®a M 
for any M G D(Mod A). Let c&. M : M — > /"M be the morphism m >— > 1 ® m. On 

the level of functors this gives a morphism : 1 — > /*/" of functors from D(Mod A) 
to itself. 

In the situation of the definition, given N G D(Mod_B), there is a canonical 
bijection 

Hom D(ModX) (M,JV) ^Hom D(ModB) (/»A/,A), ^ 1 ® 0. 
In particular, for N := f^M, the morphism q^. M corresponds to the identity In- 

Definition 1.10. Let A be a noetherian ring, let A — > i? be an essentially etale ring 
homomorphism, let M G D(Mod A) and A G D(Modi3). A morphism cj> : M — > AT 
in D(Mod A) is called a nondegenerate localization morphism if the corresponding 
morphism 1 CS> ^ : /"M — > A in D(Mod i?) is an isomorphism. 

Definition 1.11. Let A be a noetherian ring, let B and C be essentially finite 
type A-algebras, let /* : B — > C be an essentially etale A-algebra homomorphism, 
let (M,p) G Df (Mod B) lig/A and let (A 7 , cr) G Dj 3 (Mod C) rig /^. A rigid localization 
morphism is a morphism <f> : M — > A in D(ModB), such that the corresponding 
morphism 1 ® : /" (M, p) (A, cr) is a rigid morphism over C relative to A. 

Proposition 1.12 f |YZ5[ Proposition 6.8]). Let A be a noetherian ring, let B 
and C be essentially finite type A-algebras, let f* : B — > C be an essentially 
etale A-algebra homomorphism, and let (M,p) G D]? (Mod B) lig ^. Assume that 
RHoms(M, M) = B. Then the morphism q^. M is the unique nondegenerate rigid 
localization morphism (M,p) —> f*(M,p). 

The next result is about tensor products of rigid complexes. 
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Theorem 1.13 ([YZ5, Theorem 0.4]). Let A be a noetherian ring, let B,C be 
essentially finite type A-algebras, let f* : B — > C be an A-algebra homomorphism, 
and let (M,p) 6 Dj?(Mod B) rig/A and (N,a) 6 D{?(Mod C) lig/B . Assume that the 
canonical homomorphism B —> Hom D ^ ModB ^(M, M) is bijective. Then the complex 
is in Df (Mod C), it has finite flat dimension over A, and it has an induced 
rigidifying isomorphism 

pi 

The rigid complex 



M ® L B JV 



Sq c/A (M ®%N). 



(M, p) ® B (N, a) := (M ®^ N, p ® a) 6 D>?(Mod C) lig/A 
depends functorially of (M , p) and (N, a) . 
Finally, a base change result. 



Theorem 1.14 ( jYZ5j Theorem 6.9] 
homomorphisms 



Consider a commutative diagram of ring 



A- 



-» B ■ 



r 



B' 



r 



where A is a noetherian ring, and B,B',C and C are essentially finite type A- 
algebras. Assume moreover that g* : B — v B' is a localization, and the square is 
cartesian (namely C = B' ® B C). Let (M,p) e D^(Mod B) lis/A , let (N,a) G 
D{?(Mod C) rig/A , and let 

<j>:(N,a)^(M,p) 

be a rigid trace morphism over B relative to A. Define M' := g^M and N' := h$N. 
There is a morphism (j)' : N' — > M' in D(Mod_B') gotten by composing the canonical 
isomorphism N' = C ® c N = B' ® B N = g^N with : g^N -> g$M = M' . So 

the diagram 



M • 



N 



M'<r- 



N' 



is commutative. Then 

<jJ:(N',ht(a)) - {M'J{p)) 

is a rigid trace morphism over B' relative to A. 

Observe that there is no particular assumption on /*. 

Remark 1.15. The construction of the functor Sq B / A , and the proof of the theo- 
rems above in |YZ5| . required heavy use of DG algebras. For the convenience of the 
reader we eliminated all reference to DG algebras in the definitions and statements 
in the present paper. However, we could not avoid using DG algebras in some of 
the proofs. 
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2. Rigid Dualizing Complexes 

In this section K is a fixed regular noetherian ring of finite Krull dimension. All 
algebras are by default essentially finite type K-algebras, and all algebra homomor- 
phisms are over K. We denote by EFTAIg /K the category of essentially finite type 
K- algebras. 

Let us recall the definition of dualizing complex over a K-algebra A from [RD] . 
A complex R 6 Dj? (Mod A) is called a dualizing complex if it has finite injective 
dimension, and the canonical morphism A — > RHom^(i?, R) in D(ModA) is an 
isomorphism. It follows that the functor RHom^— ,R) is an auto-duality (i.e. a 
contravariant equivalence) of D|? (Mod A). Note that since the ground ring K has 
finite global dimension, the complex R has finite flat dimension over it. 

Following Van den Bergh |VdB] we make the following definition. 

Definition 2.1. Let A be an essentially finite type K-algebra and let R be a 
dualizing complex over A. Suppose R has a rigidifying isomorphism p : R 
ScU/k Then the pair (i?, p) is called a rigid dualizing complex over A relative to 
K. 

By default all rigid dualizing complexes are relative to the ground ring K. 

Example 2.2. Take the K-algebra A := K. The complex R := K is a dualizing 
complex over K, since this ring is regular and finite dimensional. Let 

ptau . K ^ RHom K ® K K(K, K ® K K) = Sq K/K K 

be the tautological rigidifying isomorphism. Then (K, p tau ) is a rigid dualizing 
complex over K relative to K. 

In [VdB it was proved that when K is a field, a rigid dualizing complex (R, p) 
is unique up to isomorphism. And in |YZlj we proved that (R, p) is in fact unique 
up to a unique rigid isomorphism (again, only when K is a field). These results are 
true in our setup too: 

Theorem 2.3. Let K be a regular finite dimensional noetherian ring, let A be an 
essentially finite type K-algebra, and let (R, p) be a rigid dualizing complex over A 
relative to K. Then (R,p) is unique up to a unique rigid isomorphism. 

Proof. In view of [YZ5[ Lemma 6.1] and |YZ5[ Theorem 1.6] we may assume that 
Spec A is connected. Suppose (R' , p') is another rigid dualizing complex over A. 
Then there is an isomorphism R' = R® A L[n] for some invertible A-module L and 
some integer n. Indeed L[n] = RHom^-R, R'); see |RD| Section V.3]. 

Choose a K-flat DG algebra resolution IK — > A — > A of K — > A. (If K is a field 
just take A := A.) So 

SqA/K R' - SQa/wARa ®a L[n\) 

= RRoui MyA (A, (R a ® a L[n\) ®\ (R A ®a L[n])) 

St RHom l8Kl (A, R A ®^ R A ) ®\ L[n] ®\ L[n] 

= (Sq A/K R A ) ®\ L[n] ® A L[n] R A ® A L[n] ® A L[n}. 

The isomorphism marked f exists by |YZ51 Proposition 1.12] (with its condition 
(iii.b)), and the isomorphism marked <> comes from p : Sq A / K R A R A . On the 
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other and we have p' : R' —> Sqa/k R' , which gives an isomorphism 
Ra ®a L[n] = Ra ®a L[n] <8>a L[n}. 

Applying KHom a(R a, —) to this isomorphism we get L[n] = L[n] (£>a L[n], and 
hence L = A and n = 0. Thus we get an isomorphism </>o : Ra — > -R'. 

The isomorphism 0o might not be rigid, but there is some isomorphism <f>i making 
the diagram 

4>i 

Ra >R' 

PA 

hc U/K Ra > oq^/K 

commutative. Since HoniD(ModA)(-RA, R') is a free A-module with basis (f>o, it fol- 
lows that (f>\ = a0o for some a e A x . Then the isomorphism <fj :— a _1 0o is the 
unique rigid isomorphism Ra R' ■ Q 

In view of this result we are allowed to talk about the rigid dualizing complex 
over A (if it exists). 

Suppose (M, p) is a rigid complex over A relative to IK, and /* : A — > £> is a 
finite homomorphism of IK-algebras. Assume / M has bounded cohomology. Then 
f'M has finite flat dimension over K, and according to Theorem 1 1.7( 1) we get an 
induced rigid complex f (M, p) over B relative to K. 

Proposition 2.4. Let f* : A — > B be a finite homomorphism of 'K- algebras. As- 
sume a rigid dualizing complex (Ra,Pa) over A exists. Define Rb '■= j Ra £ 
D(Modi?) and pb '■= f^{pA)- Then (Rb,Pb) is a rigid dualizing complex over B. 

Proof. The fact that Rb is a dualizing complex over B is proved in |RD[ Proposition 
V.2.4]. In particular Rb has bounded cohomology. □ 

Suppose (M,p) is a rigid complex over A relative to IK, and /* : A — > B is an 
essentially smooth homomorphism of K-algebras. Then by Theorem ll.Sf 1) we get 
an induced rigid complex p(M,p) over B relative to IK. 

Proposition 2.5. Let A be a ¥L-algebra, and assume A has a rigid dualizing com- 
plex (Ra,Pa)- Let f* : A — > B be an essentially smooth homomorphism. Define 
Rb '■= f^RA and ps ■— f^(pA)- Then (Rb,Pb) is a rigid dualizing complex over 
B. 

Proof. The complex Rb is bounded. Hence to check it is dualizing is a local cal- 
culation on SpecB. By |YZ5[ Proposition 3.2(1)] we can assume that A — > B is 
smooth. Now |RDi Theorem V.8.3] implies Rb is dualizing. □ 

Theorem 2.6. Let IK be a regular finite dimensional noetherian ring, and let A be 
an essentially finite type ¥L-algebra. 

(1) The algebra A has a rigid dualizing complex (Ra, Pa) relative to IK, which 
is unigue up to a unique rigid isomorphism. 

(2) Given a finite homomorphism f*:A^B, there is a unigue rigid isomor- 
phism 

4>Y ls :f b (R A ,PA)^(RB,PB). 
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(3) Given an essentially smooth homomorphism f* : A 
rigid isomorphism 



B , there 



is a unique 



f ls :f(R A ,p A )^(R B ,p B ) 



r 



Proof. (1) We can find algebras and homomorphisms K - — ► C > B A, where 
C = K[ii, . . . , t n ] is a polynomial algebra, g* is surjective and h* is a localization. 
By Examplc l2.2[ (]K,p tau ) is a rigid dualizing complex over K. By Propositions ^. 41 
and 12.51 the complex 

Ra := h*g b f*K — A ®b RHom c (S, fig /K [n]) 

is a rigid dualizing complex over A, with rigidifying isomorphism p A '■— ft."<7 t, /"(p tau ). 
Uniqueness was proved in Thcorcm l2.3l 

□ 



(2,3) Use Propositions [231 and 1231 and Theorem 1231 

Corollary 2.7. Let f*:A—>B be a finite homomorphism in EFTAIg/K. There 
exists a unique nondegenerate rigid trace morphism 



Tr/ = Tr 



B/A 



(Rb,Pb) -> (Ra,Pa)- 



Proof. Since f b Ra is a dualizing complex over B we know that 
Hom D(Mo dB)(/ b i?A, f b R A ) = B. So by [YZ5l Corollary 5.11], Tx). Ra : f b R A -» ifc 
is the unique nondegenerate rigid trace morphism between these two objects. 

Composing Trj ;i j A with the unique rigid isomorphism Rb — f b R A guaranteed 
by Theorem 12.31 we get the unique rigid trace Try : Rb — » R A - O 

Corollary 2.8. Let A and A' be in EFTAIg /K, with rigid dualizing complexes 
(Ra, Pa) and (R A >,p A i) respectively. Suppose f* : A — > A' is an essentially etale 
homomorphism. Then there is exactly one nondegenerate rigid localization mor- 
phism 

q/ = lA'/A ■ (Ra,Pa) (Ra>,Pa>)- 

Proof. By Proposition 12.51 we have a rigid complex pR A over A', and by Propo- 
sition 11.121 there is a unique rigid localization morphism q^.^ A : Ra — * S^Ra- 
According to Theorem 12.31 there is a unique rigid isomorphism f^R A = R A ' ■ By 
composing them we get the unique rigid localization map q/. □ 

Corollary 2.9. Let A, B and A 1 be in EFTAIg /K, let f* : A ^ B be a finite 
homomorphism, and let g* : A — > A' be a localization. Define B' :— A' <8>a B, and 



let f :A'-+B' and h* : B 

in Hom D(Mod A) (R B , R A > ) . 

A — 



> B' be the induced homomorphisms. Then 
% ° Tr / = Tr /' ° 



-> B 



Ra^ 



Tr, 



ih 



A' 



f 



B' 



Ra> <- 



Tr, 
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Proof. The B'-module HoniD(Mod A)(Rb, Ra>) is free of rank 1, and both q g o Tr/ 
and Tr// o are generators. So there is a unique invertible element b' £ B' such 
that Tr// o q h = b' q g o Tr/. Now by Theorem 11.131 the morphism 

g*(Tr f ) : h*(R B , p B ) - , 9 J (i?A, Pa) 
is a rigid trace morphism relative to K. And so are 

1 ® q g : g^(R A ,RA) -► (.Ra',PA')> 
l<8>q h : h\R B ,p B ) -> {Rb',Pb') 

and 

Tr// : (R B ,,p B ,) -> (i?A',PA')- 
We conclude that both (1 ® q ) o <3*(Tr/) and Tr// o(l <g> q ?l ) are nondegenerate 
rigid trace morphisms h^(R B ,p B ) — > (i?A',PA') over A' relative to K, and therefore 
they must be equal (cf. Theorem II .5(1 . But Hom D ( Mod ^ (h$R B , Ra>) is also a free 
S'-module of rank 1, So 6' = 1. □ 

Next comes a surprising result that basically says "all rigid complexes are dual- 
izing" . The significance of this result is yet unknown. 

Theorem 2.10. Let K be a regular finite dimensional noetherian ring, and let A 
be an essentially finite type "K-algebra. Assume Spec A is connected. Let (M,p) be 
a nonzero rigid complex over A relative to K. Then M is a dualizing complex over 
A. Hence there exists a unique rigid isomorphism (M,p) = {Ra,Pa). 

The proof is after these two lemmas. 

Lemma 2.11. Suppose L G D|? (Mod A) satisfies Ext^(£, A/m) = for all i ^ 
and all maximal ideals m C A. Then L is isomorphic to a finitely generated 
projective module concentrated in degree 0. 

Proof. This can be checked locally. Over a local ring A m , a minimal free resolution 
of L m must have a single nonzero term, in degree 0. □ 

Lemma 2.12. If A is a field then the theorem is true, and moreover M = A[d] for 
some integer d. 

Proof. Since any dualizing complex over the field A is isomorphic to a shift of A, 
we see that the rigid dualizing complex satisfies Ra = A[d] for some d. Therefore 
Sq A/K (A[d]) ^ A[d]. 

Consider the rigid complex (M,p). We can decompose M = (J)[ =1 A\di\ in 
D(Mod A). Then in the setup of Theorem |YZ5I Theorem 2.2] we have 

Sq A/K M = RHom^ Kl (A M ®\ M) 

a ®. . RHom^ Ki (A,4^]®K^[^]) 
= . {Sq A/K (A[d]))[d i + d j -2d]. 
But M = Sq^/^ M , from which we obtain 

r ,4^] = r . , A[di + dj-d]. 
Thus r = 1 and = d. □ 
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Proof of Theorem\2jM Consider the object L := RRom A (M,R A ) G Dj (Mod A). 
Take an arbitrary maximal ideal m C A, and define B := A/m. We get a finite 
homomorphism /* : A — > B, By Theorem ll.7f 1) the complex RHom,4(-B,M) = 
f b M is a rigid complex over B relative to K. So either f b M is zero, or, by Lemma 
ETT21 f b M ^ R B ^ B[d] for some integer d. On the other hand by Theorem 1^ 2) 
we have an isomorphism / ' Ra — Rb- Thus there are isomorphisms 

RRom A (L,B) ^ RHonu (L,B[d])[—d] 

(2.13) = RRom A (RRom A (M,R A ),RRom A (B,R A ))[-d] 

S RHom A ( J B,M)[-d] = f b M[-d] = B r 

where r = 0,1. In particular Ext^(L,_B) = for i ^ 0. Since m was arbitrary, 
Lemma 12.111 tells us that we can assume L is a finitely generated locally free A- 
module, concentrated in degree 0. Moreover, from the isomorphisms (|2.13[) we see 
that the rank of L at any point of SpecA is at most 1. Since L is nonzero and 
Spec A is connected it follows that L has constant rank 1. 

At this stage we have M = R A ® A L v , where L v := Hom A (L, A). We conclude 
that M is a dualizing complex over A. By Theorem 12. 6( 1) there is a unique rigid 
isomorphism R A = M. □ 

We end this section with some remarks and examples. 

Remark 2.14. The assumption that the base ring K has finite global dimension 
seems superfluous. It is needed for technical reasons (bounded complexes have finite 
flat dimension), yet we don't know how to remove it. However, it seems necessary 
for K to be Gorenstein - see next example. Also finiteness is important, as Example 
12.171 shows. 

Remark 2.15. A result of Van den Bergh (valid even in the noncommutative setup) 
says the following: if A is a Gorenstein ring, then there is a canonical isomorphism 

R A RHom^Sq^/K A, A) 

in D(Mod A). 

Example 2.16. Consider a field k, and let K = A := k[t ll t 2 }/(tl,tl,t 1 t 2 ). Then 
A does not have a rigid dualizing complex relative to K. The reason is that any 
dualizing complex over the artinian local ring A must be R = A* [n] for some integer 
n, where A* :— Hom^A, Ik). Now Sq^/jj R = R ®^ R, which has infinitely many 
nonzero cohomology modules. So there can be no isomorphism R = Sq A / K R. 

Example 2.17. Take any field K, and let A := K(ii,i2, ■ ■ ■), the field of rational 
functions in countably many variables. So A is a noetherian K algebra, but it is 
not of essentially finite type. Clearly A has a dualizing complex (e.g. R := A), but 
as shown in |YZ1( Example 3.13], there does not exist a rigid dualizing complex 
over A relative to K. 

Remark 2.18. The paper |SdS by de Salas uses an idea similar to Van den Bergh's 
rigidity to define residues on local rings. However the results there are pretty lim- 
ited. Lipman (unpublished notes) has an approach to duality using the fundamental 
class of the diagonal, which is close in spirit to the idea of rigidity. 
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3. The Twisted Inverse Image 2-Functor 

In this section we translate properties of rigid dualizing complexes that were 
established in Section [2] into properties of certain functors. As before we assume 
that 1 is a regular noetherian ring of finite Krull dimension. All algebras are by 
default essentially finite type K-algebras, and all algebra homomorphisms are over 
K. 

Here is a review of the notion of 2-functor, following [Ha[ Section 5.15]. Let 
Cat be the 2-category of all categories. The objects of Cat are the categories; 
the 1-morphisms are the functors between categories; and the 2-morphisms are the 
natural transformations between functors. Suppose A is some category. A 2-functor 
(or pseudofunctor) F : A — > Cat is a triple F — (Fq, F\, F2) consisting of functions 
of the types explained below. The function Fq is from the class of objects of A to 
the class of objects of Cat; i.e. Fq(A) is a category for any A E A. The function F\ 
assigns to any morphism cto G Homfl,(A , A\) a functor Fi(a ) : F (A ) — » F (Ai). 
The function F2 assigns to a composable pair of morphisms ao G ~H.om&(Ao, ^1) 
and ol\ € Hoitia^i, A2) a natural isomorphism 

F 2 (a ,ai) : F x (ai oa ) -=» i*i(ai) o Fi(a ) 

between functors Fq(Aq) — ► Fo(j4a). The data (Fq, F\, F2) have to satisfy the 
compatibility condition 

F 2 (a , ai) o F 2 (ot\ o a , a 2 ) = F 2 (ai,a 2 ) o F 2 (a , a 2 o ai) 

for any composable triple Aq — A\ — U A 2 A3 of morphisms in A. Moreover 
for any object A G A, with identity morphism 1a, it is required that F±(1a) — 
1f (A)j the identity functor of the category Fq(A); and also F 2 (1a, 1a) has to be 
the identity automorphism of the functor of 1f (a)- 

We are going to construct a 2-functor F : EFTAIg /K — > Cat. Its 0-component _Fo 
will assign the category Fo(A) := D^(Mod A) to any algebra A. The 1-component 
Fi will assign a functor Fi(/*) = f : (Mod A) -> D+(Mod B) to every algebra 
homomorphism /* : A —> B. And for every composable pair of homomorphisms 

A _B C there will be a natural isomorphism F 2 (f*,g*) — 4>f l9 . Further- 
more there will be isomorphisms of 2-functors f = f b and f = f* on suitable 
subcategories. These constructions will require a lot of notation, and we tried to 
make this notation sensible. Isomorphisms between functors of the same family 
(i.e. belonging to the same 2-functor) will be labelled by u cf>" with modifiers (e.g. 
<f)(g : (/ o j) ! g f ). Isomorphisms between functors belonging to different fam- 
ilies will be labelled by "if)" with modifiers (e.g. ip\ : /" ^> f ). When applying 
an isomorphism such as i(A to a particular object, say M, the notation will be 

By Theorem 12.61 any K-algebra A has a rigid dualizing complex (Ra, Pa), which 
is unique up to a unique rigid isomorphism. For the sake of legibility we will 
often keep the rigidifying isomorphism pa implicit, and refer to the rigid dualizing 
complex Ra- 

Definition 3.1. Given a K-algebra A, with rigid dualizing complex Ra, define the 
auto- duality functor of Df (Mod A) relative to K to be := RHom^(— , Ra)- 
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Note that the functor exchanges the subcategories D^~(ModA) and 

D f ~ (Mod A). Given a homomorphism of algebras /* : A — > B the functor Lf* = 
B®\ - sends D,r(ModA) into D,T(Mod B). This permits the next definition. 

Definition 3.2. Let /* : A — > B be a homomorphism in EFTAIg /K. We define 
the twisted inverse image functor 

f : D^(Mod A) -> D+(ModB) 

relative to K as follows. 

(i) If A = B and /* = 1a (the identity automorphism) then we let f' := 
1 D+(ModA) ( tnc identity functor). 

(ii) Otherwise we define /' := D# Lf* Da- 

Recall that for composable homomorphisms A > B C we sometimes write 
(fog)* instead of g* o /*. 

Definition 3.3. Given two homomorphisms A — > B » C in EFTAIg /K we 
define an isomorphism 

<t>f,g ■ (/ °9)' =*9 X f 
of functors D+(Mod A) D+(ModC) as follows. 

(i) If cither A = B and /* = 1a, or B = C and g* = 1b, then (pf^ g is just the 
identity automorphism of (/ o g) ] = g'f'. 

(ii) Otherwise we use the adjunction isomorphism Ip+fModB) Dg Dg, to- 
gether with the obvious isomorphism L(f o g)* = L(g* o /*) = Lg* Lf*, to 
obtain an isomorphism 

(/ o g) { = D c L(f o g)* D A = D c Lg* Lf* D A 
= D c Lg* D B Db Lf* D A =gf- 

Proposition 3.4. For three homomorphisms A — > B — > C —> D in EFTAIg /K 

the isomorphisms <p-- satisfy the compatibility condition 

4>g,h ° 4>f,goh = 4>f,g ° 4>fog,h ■ (/ h)' figf. 

Thus the assignment f* \— ► f is the 1-component of a 2-functor EFTAIg /K — > Cat, 
whose ^-component is A ^ D^Mod A). 

In stating the proposition we were a bit sloppy with notation; for instance we 
wrote 4>f, g , whereas the correct expression is h'((j)f y g). This was done for the sake of 
legibility, and we presume the reader can fill in the omissions (also in what follows) . 

Proof. By definition 

(/ o g o h)-M = D D L(f o g o h)* D A M 

and 

h-g f M = D D Lh* D c D c Lg* D B D B Lf* D A M. 
The two isomorphism fl) /, o <j)f\ g0 h and <pf tg o (j>fo g ,h differ only by the order in 
which the adjunction isomorphisms l D +( ModB ) — D b Db and l D +( Mo dc) — Dc Dc 
are applied, and correspondingly an isomorphism C = C ® B B is replaced by 
D = D ® B B. Due to standard identities the net effect is that <p 9t h ° <f>f,goh = 

<t>i,g°<t>fog,h- □ 
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Suppose A » B C are finite homomorphisms in EFTAIg /K. Adjunction 
gives rise to an isomorphism 

g b f b M = RHom B (C, RHom A (B, A/)) = RHom A (C, A/) = (/ o g) b M 

for any M £ D(Mod A), and thus there is an isomorphism of functors 

So /* i— > / b is a 2-functor on the subcategory of EFTAIg /K consisting of all algebras, 
but only finite homomorphisms. 

Theorem 3.5. (1) Let f*:A—t-Bbea finite homomorphism in EFTAIg /K. 

TTie isomorphism c/) b f ig : f b R A —» Rb of Theorem I2.6f 2) induces an iso- 
morphism 

of functors D+(Mod^) -*■ D+(Mod B). 

(2) Given two finite homomorphism A — » £> C , there is equality 

as isomorphisms of functors (/ o g) b ^ gf'. Thus the isomorphisms 
are 2-functorial. 

Proof. (1) Take M G Df (Mod A). We then have a series of isomorphisms 

fM = RHom B (B ®\ RHom j4 (Af, R A ),R B ) 

^ f RHom A (RHom A (Af,i? A ),i? s ) 

^> RHom A (RHom yl (M, R A ), RHom A (B, R A )) 

^ v RHom A (B, M) = f b M, 

where the isomorphism marked f is by the Hom-tensor adjunction; the isomorphism 
marked <> is induced by 0/' ns ; the isomorphism V is because R A is a dualizing 
complex. 

(2) Given a second finite homomorphism g* : B — > C we obtain a commutative 
diagram of rigid isomorphisms 

(fog) b R A ^^ ^Rc 

g b f b RA 

This is due to the fact that (j) b j g . RA is a rigid isomorphism |YZ5[ Theorem 5.3(2)], 
together with the uniqueness in Theorem 12. 6f 2). From this, using standard identi- 
ties, we deduce the desired equality. □ 

Next let A — > B C be essentially smooth homomorphisms. Then according 
to |YZ5[ Proposition 3.4] there is an isomorphism of functors tjA : — * ff"/"- 

The isomorphisms are 2-functorial on the subcategory of EFTAIg /K consisting 

of essentially smooth homomorphisms. 
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Theorem 3.6. (1) Let f* : A — » B be an essentially smooth homomorphism 
m EFTAIg /K. The isomorphism ^ ,rig : pR A R B of Theorem^M?) 
induces an isomorphism 

4 : f* f 

of functors Df (Mod A) -> D+(ModS). 

(2) Given two essentially smooth homomorphisms A — > B — > C, ttere is 

^ ° $ ° <4, 9 = ^/.» ° ^fog 

as isomorphisms of functors (/ 0.9)" — * <? ! / ! . Thus the isomorphisms ipK 
are 2-functorial. 

Proof. (1) We can assume that /* has relative dimension n (sec [YZ5, Lemma 6.1]). 
Take any M € D+(Mod A). Then 

fM = RHom B ( J B®^RHom A (M, R A ),R B ) 

~ f RHonu (RHom A (M, R A ), R B ) 

^ RHouu (RHouta (AI, R A ),Q B/A [n] ® A R A ) 

= v KHom A (RUom A (M,R A ),R A ) ® A Sl B/A [n] 

S*M®a ^ M [n]=/ tt M, 

where the isomorphism marked f is by the Hom-tensor adjunction; the isomorphism 
marked (} is induced by </>j' rlg ; the isomorphism V is due to [YZ5[ Proposition 1.12]; 
and the isomorphism $ is by the adjunction isomorphism M = D A D A M. We let 
rf-M : /"-^ /'M be the composed isomorphism. 

(2) Given a second essentially smooth homomorphism g* : B — > C we obtain a 
commutative diagram of rigid isomorphisms 



°f,9\R A 




g*f*RA 



This is due to the fact that (jfy g . RA is a rigid isomorphism |YZ5[ Theorem 6.3(3)], 
together with the uniqueness in Theorem 12. 6f 3). From this, using standard identi- 
ties, we deduce the desired equality. □ 

The next result explains the dependence of the twisted inverse image 2-functor 
f 1 ► f' on the base ring K. Assume L is an essentially finite type K-algebra 
that's regular (but maybe not essentially smooth over K). Just like for K, any 
essentially finite type L-algebra A has a rigid dualizing complex relative to L, which 
we denote by [R A /i,, Pa/l)- For any homomorphism f*:A^B of L-algebras there 
is a corresponding twisted inverse image functor / ! / L : D+(ModA) -> D+(Mod5), 
constructed using R A /i and R b /l- Let (Rl, pi,) be the rigid dualizing complex of 
L relative to K. 
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Proposition 3.7. Let A be an essentially finite typeh-algebra. Then -Rl®l-Ra/l * s 
a dualizing complex over A, and it has an induced rigidifying isomorphism relative 
to K. Hence there is a unique isomorphism Rl <g>£ Ra/l — Ra in Df (Mod A) rig / K . 

Proof. We might as well assume SpecL is connected (cf. |YZ5[ Lemma 6.1]). Since 
L is regular, one has R^ = P[n] for some invertible L-module P and some integer 
n. Therefore i?L ®l Ra/l 1S a dualizing complex over A. According to Theorem 
11.131 the complex R%, (8>£ Ra/l has an induced rigidifying isomorphism pl <8> Pa/l- 
Now use Theorem 12.31 □ 

Corollary 3.8. There is a canonical isomorphism 

if* -» /') = (/* -> .f !/L ) 
of2-functors EFTAIg/L -» Cat. 

Proof. The twist i?L <8>l — § e * s canceled out in 

/ ! M = RHom A (RHom A (M, i? L fl A/L ), i? L ^ Ra/l) ■ 

□ 

Example 3.9. Take K := Z and L := F p = Z/(p) for some prime number p. Then 
i? L = !>[— 1], and for any A e EFTAIg /L we have Ra/l — Ra[^]- 

The final result of this section connects our constructions to those of [RD^ . We 
shall restrict attention to the category FTAIg /K of finite type K-algebras. Given a 
homomorphism /* : A — > B let us denote by 

/ !(G) : D+(ModA) -> D+(ModB) 

the twisted inverse image from [RD . 

Theorem 3.10. Let IK be a regular finite dimensional noetherian ring. 

(1) Given A e FTAIg /K Zet 7r^ : K — > A fee i/ie structural homomorphism, let 

(G) HG) 

R A := 7T^ K, and iei Ra be the rigid dualizing complex of A. Then there 

(G) 

is an isomorphism R A = Ra in D(Mod A). 

(2) There is an isomorphism (/* i— > / ! ) = (/* i— > f'^) of 1-functors 
FTAIg /K -> Cat. 

Proof. (1) Take homomorphisms K — ► C — > B -^-> A as in the proof of Theorem 
WMY). Then i? A = h^g b pK, and also i?^ G) /iV/»K. 

/n\ (CM ~ (CM 

(2) For any A fix an isomorphism : R A —> Ra- Let := 

RHom J 4(— ; ), so we get an induced isomorphism %j) A : D A ^ Da between 
the associated auto-duality functors. It is known that the 2-functor (/* >— > / !< - G - ) ) 
also satisfies / !( - G - ) = D^* L/* D^. In this way we obtain an isomorphism of 
2-functors V (G) : / !(G) ^ f ■ □ 

Remark 3.11. If A is a flat K-algebra, then flat base change for the theory in 
}RD] endows R^ with a rigidifying isomorphism, thus making the isomorphism 
Rf } R A canonical. (See [Ye4]). So in case K is a field one has a canonical 
isomorphism / ! = /'^ of 2-functors, and one may try to ask more precise questions, 
such as compatibility with the transformations in Theorems 13.51 and 13.61 
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4. Functorial Traces and Localizations 

In this section again we work over a fixed base ring K, which is assumed to be 
regular, noetherian and of finite Krull dimension. Recall that to each homomor- 
phism /* : A — » B in EFTAIg /K we constructed a twisted inverse image functor 
f : D+(Modyl) -> D+(Mod 5). 

Definition 4.1. Let /* : A — * B be a finite homomorphism in EFTAIg /K. Take 
any M G D^(Mod A). Then by Theorem I3.5f 1) there is an isomorphism ipf. M : 
f b M ^ f'M, and by formula Q1.3|) there is a morphism Tr K. M : f b M — » M. Define 

Tr /;M := Tr^. M o (^.m)" 1 : / ! Af -> M. 
On the level of functors this becomes a morphism 

Try : /»/ ! -> 1 

of functors from (Mod A) to itself, called the functorial trace map. 

Proposition 4.2. (1) The trace maps Tr^ are nondegenerate. Namely, given 
a finite homomorphism f* : A — > B and an object M G D^(Mod A), the 
morphism Tr^. M : f'M — > M is a nondegenerate trace morphism, in the 
sense of Definition 11.41 
(2) The trace maps Tr* are 2 -functorial for finite homomorphisms. I.e. in the 
setup of Definition |3~3"1 mi/i oo£/i f*,g* finite, one has 

Tr /o S = Tr /° Tr 9 0( / , /,9- 

Proof. (1) This is true because Tr^ : Rg — > i?^ is a nondegenerate trace morphism. 
See Corollary E3 

(2) This follows from Theorem E5f2). □ 

Definition 4.3. Let /* : A — > B be an essentially etale homomorphism in 
EFTAIg /K. Composing the localization map qjj- : 1 — > /»/" of Definition 11.91 with 

the isomorphism t/>J : /" — > / ! of Theorem 13^1), we define the functorial localiza- 
tion map 

Q/ : i -> /*/', 

which is a morphism of functors from D^(Mod A) to itself. 

Proposition 4.4. (1) The localization maps are nondegenerate. Namely, 
given an essentially etale homomorphism f* : A — > B and an object M £ 
D^(Mod A), the morphism q/ ; j\/ : M — > / ! M is a nondegenerate localization 
morphism, in the sense of Definition 11.101 
(2) TTie localization maps q^ are 2-functorial for essentially etale homomor- 
phisms. I.e. in the setup of Definition [3~31 lozi/i 6oi/i f*,g* essentially 
Stale, one has 

<t>f,g°<lfo g = %°<lf 

Proof. Assertion (1) is true because c^. M : M — > /"M is nondegenerate; see Propo- 
sition [TTT21 Assertion (2) is an immediate consequence of Theorem I3.6f 2). □ 
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Proposition 4.5. In the setup of Corollary 12.91 there is equality 

% ° Tl 7 = Tl 7' ° 4>g,f' ° <t>f~X ° Oft 

of morphisms of functors /*/ ! — > <7*g ! from (Mod A) to itself. 

Proof. The functorial trace maps Tr/ are induced from the corresponding trace 
maps between the rigid dualizing complexes, via double dualization (cf. Definition 
14. ip . Likewise for the functorial localization maps q/. Thus the corollary is a 
consequence of Corollarv l2.9l □ 



Here is an illustration of Proposition 14.51 Take M € D j f(Mod J 4), and define 
N := f'M, M' := gM and N' :— h'N. Using the isomorphism 4>g,S' ° 4>j\ we 
identify N' = f' M'. Then the dia gram 



Tr 



M < TV 



M'<r— N' 

is commutative. 

For a finite flat homomorphism f*:A^Bwe denote by tr^/A ■ B —* A the 
usual trace map. Thus tr B ^(b) is the trace of the operator b acting by multiplica- 
tion on the locally free A-module B. 

Theorem 4.6. Suppose f*:A—*Bis a finite etale homomorphism in EFTAIg /K. 
Then for any M 6 Dj? (Mod A) the diagram 



B ® A M — > fM 




is commutative. 
Note that 

ipf. M {b ® m) = b ■ q flM (m) 

for any b £ B and m <E M. 

We need a few lemmas for the proof of the theorem. 

Lemma 4.7. Suppose M,N,R,S <E Dj? (Mod A), with R, S having finite infective 
dimension. Then there is an isomorphism 

M®\ RHom A (RHom A (N,R),S) -> RHom A (RHom A (M ®^ N,R), S), 

which is functorial in these four complexes, and, when R — S , it commutes with 
the adjunction morphisms 

M ®\N -> M ®\ RHom A (RHom A (/V, R),R) 

and 

M ®\ N -> RHonu (RHom A (M <g>^ N, R),R). 
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Proof. First consider ^4-modules P, K, L. If P is a finitely generated projective 
module, then the obvious homomorphisms of A-modulcs 

(4.8) P <8> A Hom A {K, L) — > Hom A (Hom A (P, A) ® A K, L) 
and 

(4.9) Rom A (P, A) <g> A HoniA (AT, L) — > Hom A (P® A K,L) 
are bijective. 

Now choose a resolution P — > M by a bounded above complex of finitely gener- 
ated projective A-modules. Also choose resolutions R — > / and 5 — > J by bounded 
complexes of injective modules. So 

M ®\ RHom A (RHom j4 (7V, R),S) = P®a Hom A (Hom^ (N, I), J) 

and 

RHonu (RHom^ (M ®\ N,R),S) = Hom A (Hom A (P® A N,I),J). 

Because each P % is a finitely generated projective A-module, we have a bijection 

P i ® A Rom A (B.om A (N j ,I k ), J 1 ) 

= Rom A {Rom A {P\ A) ® A Hom A {N : > 1 I k ) 1 J l ) 

for any k, I. Indeed, this is exactly equation (|4.8p with K := Hom A (N : ' , I k ) and 
L := J . Since the three complexes N,I,J are bounded it follows that we have a 
canonical isomorphism of DG A-modules 

P® A Homyj (Hom A (N, I) , J) 
(4-10) , 

= Hom A (Hom^ (P, A) <g> A Hom A (N,I),J). 

Similarly, using equation (|4.9[) . we have a canonical isomorphisms of DG A- modules 

Rom A (Rom A (P, A) ® A Rom A (N, 1), j) 

' 4 ' ' ' Hom A (Hom^ (P ® A N,I),J). 

Finally, is S — R then we can take J = I, and then it is easy to track where 
P <E) A N gets mapped in equations (|4.10[) and (|4. . □ 

Given M S Dj (Mod A) let's write 

XM :=Tr /:M o^ :M : /*M-»M 

(this is a temporary definition). Since /"A = B and /"M = B ® A M, there is a 
functorial isomorphism M ® A /"A ^> /"M. 

Lemma 4.12. 77ie morphism xm '■ /'M — ► M is induced from xa '■ f^A — > /I ?raa 
i/ie tensor operation M ®^ — . Namely the diagram 

M ®\ ft A — =->■ /*M 
MgJjA — - — s- M 

is commutative. 
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Proof. Take any perfect complex N G Dj? (Mod A). Consider the sequence of mor- 
phisms 

M ®\ fN = M ®\ (B ® A N) 

M ®\ (b ® a RHom A (RHom A (7V, R A ),R A )^ 

( 4 - 13 ) ^ M ®\ RHom A (RHom A (iV, R A ), R B ) 

^ v M ®\ RHom^ (RHom^i (N, R a ),Ra) 

^ M ®\ N 

in which f come from the adjunction isomorphism 

N RHom A (RHom A (iV, R A ),R A ); 

•v> comes from the localization map q/ : R A — > Rb', and V comes from the trace 
map Tif : Rb —* Ra- By comparing these morphisms to the definition of V'/'M 
in Theorem 13.6( 1). and the definition of Tif.^ in Definition 14.11 we see that the 
composition of all the morphisms in (|4.13[) is precisely 

1 M ®XN ■ M ®\ f ( N -> M® A N. 

Now M ® A N is also in Dj? (Mod A), because N is perfect. In parallel to the 
sequence of morphisms (|4.13l) there is another sequence 

f(M ® L A N)=B® A M®\N 

B ® A RHom j4 (RHom j4 (M ®\ N,R A ),R A ) 

(4-14) RKom A (Rllom A (M ®\ N, R A ), R B ) 

RHoniyt (RHom^ (M ®\ N, R A ),R A ) 

^ M ®\ N. 

The composition of all these morphisms is Xm® l n- 

Since A — > B is flat it follows that Rb has finite injective dimension over A. 
According to Lemma 14.71 at each step there is a canonical isomorphism from the 
object in (|4.13[) to the corresponding object in (|4.14[) . and together these form a 
big commutative ladder. Therefore we get a commutative diagram 

M ®\ pN — ^+ / S (M ®\ N) 



M ®\N > M ®\N 

functorial in M and N. Taking N :— A we get the desired assertion. □ 

Lemma 4.15. The morphism 

XA :f(A,pT)^(A P T) 
is a nondegenerate rigid trace morphism relative to A. 



RIGID DUALIZING COMPLEXES OVER COMMUTATIVE RINGS 



25 



Proof. Since /" = f b and : f b A — > A is a nondegenerate rigid trace morphism 

relative to A, it follows that b\A is a nondegenerate rigid trace morphism relative 
to A for some unique b £ B x . We are going to prove that 6 = 1. 

Take the rigid dualizing complex (Ra,Pa) G Dj? (Mod A) rig / K . Recall the tensor 
operation for rigid complexes fTheorem ll.l3p . Trivially the isomorphism 

(Ra,Pa)®a (Ap tau ) = (#a,Pa) 
is rigid over A relative to K. According to |YZ5[ Theorem 6.3(2)] the isomorphism 

(Ra,pa) ® l a / tt (A/ au ) = P{Ra,Pa) 

is rigid over i? relative to K. Since the tensor operation of rigid complexes is 
functorial, it follows that the morphism 

1r a ®Ha ■ f\R A ,PA) (Ra,Pa) 
is a nondegenerate rigid trace morphism. Next, from Lemma 14.121 we know that 

1r a ®XA = XRa -fRA^RA- 

We conclude that 

bXR A : P( r a,Pa) -> (Ra,Pa) 

nondegenerate rigid trace morphism over A relative to K. 
On the other hand 

Xr a =Tr b f o(^)-i o^ rig : f{R A ,PA) - (Ra,Pa), 

which itself is a rigid trace morphism over A relative to K. Since there is only 
one nondegenerate rigid trace morphism /^(Ra, Pa) —> (Ra,Pa): it follows that 
bXR A = XR A > and hence b = 1. □ 

Proof of Theorem 14.61 By dehnition tr^/^ (g> 1 a/ is induced from tYs/A- And ac- 
cording to Lemma f4. 121 the morphism xm = Tkf;M ° V4-m IS a ^ so induced from \A- 
Therefore it is enough to look at M = A. We must show that Tr f ; A ° Wt-A = ^ t b /A- 
Let B c := B ®a B. According to |YZ5j Proposition 3.15] we know that there 
is a canonical ring isomorphism B e = B x B' , where the factor B' is the kernel of 
the multiplication map B c — > B. Thus the surjective £? c -module homomorphism 
B c — > _B has a canonical splitting v : B ^ B c . From the proofs of |YZ5[ Theorems 
6.3(2) and 3.14(3)] we see that the rigidifying isomorphism p := /"(p tau ) of B — pA 
is precisely 

v.B ^ Hom B e(S, B c ) = Sq BM S. 
Now Lemma 14.151 savs that the morphism 

is a nondegenerate rigid trace morphism relative to A. Since tr B /a is also non- 
degenerate, it suffices to prove that tr B /a is a rigid trace morphism relative to 
A. 

We have finite flat ring homomorphisms A — » £> — > £> c , where <?* is 6 i— > 6 ® 1. 
Because B c = B x B' we have 



tr B e/_B(i/(6)) = tr( BxB /) /B (6, 0) = b 
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for any b £ B. But tr B a/ A = ^b/a®^b/Ai and we know that p = v. Also the 
traces are transitive. So 

ir B /A(b) = {tv B / A otY B , /B ){v{b)) = tr B , /A (v(b)) = (tr B /A ® tr B/yl ) (/)(&)). 

This means that indeed tr B m is a rigid trace morphism relative to A. □ 

5. Traces of Differential Forms 

A useful feature of Grothendieck duality theory is that it gives rise to traces of 
differential forms. Such traces are quite hard to construct directly (cf. [Lilj . [Huj 
and |Kuj ) . The aim of this section is to construct trace maps and to study some of 
their properties. The connection of our constructions to |RD| is via Theorem 13. 101 

As before K is a regular noetherian ring of finite Krull dimension. 

Definition 5.1. Suppose A — — > B — ► C are homomorphisms in EFTAIg/K, with 
/* : A — > B and (/ o g)* ; A — * C essentially smooth of relative dimension n, 
and g* : B — > C finite. According to Theorem I3.6f 1) there are isomorphisms 
ipj. A : n n B/A [n] 2* fA and ^ fog . A : fl£. /A [n] ^* (/ o g) { A. From Definition O 
there is a trace map Tr 9 : g*g* 1, and from Definition l3 . 31 there is an isomorphism 
</>f,g '■ (/°S)' ^ 9'f- Define 

Ttc/b/a = Ttf/A ■= O/r 1 ° Tr s°fe ° ipf g[-n]- 

Thus 

Trc/s/A : We/A -* ^b/a 
is a B-linear homomorphism called the trace map. 

Theorem 5.2. Let A — > B — > C be homomorphisms in EFTAIg /K as in Definition 

ED 

(1) The trace map Trc/B/A '■ ^c/A ~ * ^b/a * s nondegenerate, i.e. it induces a 
bijection Ogy A = Horns (C, f2 B / A ). 

(2) Suppose that C — > D is a finite homomorphism, such that the composed 
homomorphism A — > D is also essentially smooth of relative dimension n. 
Then there is equality 

T^d/b/a = Ttc/b/a ° T^d/c/a ■ 
Proof. These assertions follow directly from Proposition 14. 2f 1.2) respectively. □ 

Remark 5.3. In the setup of Definition 15. li the homomorphism g* : B — > C 
is actually flat. The proof will be published elsewhere; but here is the idea. It 
suffices to check the flatness of g* after passing to the induced homomorphisms 
Ap — > B q — > C x between the complete local rings, where r S SpecC is arbitrary, 
q := g(x) and p := f(q). We then prove that these homomorphisms can be lifted to 
homomorphisms A — > B — > C , such that all three rings are regular complete local 
rings, and B — > C is finite and injective. It is now a classical result that B — > C is 
flat. 

Remark 5.4. R. Hiibl has communicated to us that results of Kunz [Kuj imply 
that the homomorphism g* : B — > C above is not only flat, but in fact a locally 
complete intersection. Hence according to |Ku| Section 16] there is a trace map 
o~c/b '■ Qc/A —* FIb/a, which is a homomorphism of DG modules. In degree n it 
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is a nondegenerate A-linear map &q/ b ■ &c/A ~ * ^b/a- Presumably Kunz's trace 
map &q/b comc id es with our trace map Ttc/b/a, although this is quite hard to 
verify (cf. Propositions 15.91 and 15.101 below) . 

Remark 5.5. One can show that 

T^C/b/aH : (/o. 9 )»(A,p tau ) -» /»(A,p tau ) 

is the unique nondegenerate rigid trace morphism over B relative to A between 
these two rigid complexes. This means that the trace map Trc/B/A is actually 
independent of base ring K. Cf. a similar phenomenon for the cohomological residue 
map in [Ye4]. 

Definition 5.6. Let A — — ► B -^-» C be homomorphisms in EFTAIg /K, with /* : 
A — » B essentially smooth of relative dimension n, and g* : B — * C essentially 
etale. Define a £?-linear homomorphism 

QC/B/A ■ iL B/A ^ ll C/A 

by the formula 

q C /s/A(M6i A • • • A db n ) = g*(bo)d(g*(bi)) A • • • A d(g*(b n )) 
for any bo, . . . ,b n G B. Here d is the de Rham differential. 

It is trivial that 1c/b/a is a nondegenerate localization homomorphism, namely 

1 ® CIC/B/A ■ C ®B ^b/A ~» ^b/A 

is bijective. 

Lemma 5.7. Let A ^ B ^ C be as in Definition 15.61 Then 
dc/B/AM ■ /W^) - (/o 5 )«(Ap taU ) 

is i/ie unique nondegenerate rigid localization morphism over B relative to A between 
these two rigid complexes. 

Proof. By [YZ51 Theorem 6.3(3)] the obvious isomorphism 

is rigid. And according to |YZ5[ Proposition 6.8] the localization map 

4 :/»(A,p tau )-.g»/»(A/ au ) 
is the unique nondegenerate rigid localization map. But Qc/b/aV 1 ] = v Qg- '— ' 

The next result says that the trace maps commute with localizations. 
Proposition 5.8. Consider a commutative diagram 

A ► B >C 
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in EFTAIg /K, in which the homomorphisms A — > B and A — > C are essentially 
smooth of relative dimension n; B — > C is finite; B — > B' is a localization; and the 
square is cartesian {i.e. C = B' <S>b C). Then the diagram 



Tr c 

B/A < "C/A 



C/B/A n 



Qb' /B/A 



IC/O/A 



"S'/A <-^T Si C'/A 



is commutative. 



Proof. Let's write e* : A — * B and <?* : £> — > Z?'. By Lemma [5.71 the localization 
map q B / /b/^W : ^b/aM ^b'/aM S e * s sent to the localization map q g : e A — » 
(e o g)' A under the isomorphisms i>\. A ■ ^^[n] ^+ e ! A and i^ eog . A : ^^/^ 



(e o g)vl of Theorem 13.61 Likewise for (Ic/c/aM' Now we can use Proposition 

WM □ 



To finish the paper here are two nice properties of the trace map. 

Proposition 5.9. In the setup of Definition ^, ll assume that the ring A is reduced. 
Then for any ft G & B / A and c G C one has 

Tr c/B /A(c/3) = tr c/B (c) • ft € Q B/A . 

Proof. Denote by A' the total ring of fractions of A, and let B' := A' ®a B. Since 
A — > A' is injective, so is ^^/A ~^ ^B'/a- Now A' is a finite product of fields, and 
hence B' is a finite product of integral domains (cf. |YZ5[ Proposition 3.2]). Let 
B" be the total ring of fractions of B' . Then B" is a finite product of fields, and 
^B'/A ~~ * ^B"/A * s injective. Note that C :— A' ® A C is also a finite product of 
integral domains, so C" := B" ® B C is a finite product of fields. Due to Proposition 
15.81 we may replace A — > B — > C with A — > Z?" — * C". We can also localize at one 
of the factors of B" . Thus we might as well assume that B is a field and C = JJ Cj 
is a finite product of fields. 

Since each homomorphism C — » Cj is both finite and a localization, Theorem 
15.2( 2) and Proposition 15.81 imply that for any 7 s ^c /A ^ ne *~^ n component of 
^d/c/Ail) S ^c/A = ©j^c /A * s 7' anc ^ au °th er components are zero. We 
conclude that we can replace C with Cf, i.e. C can be assumed to be a field. 

Now there are two cases to look at. If the finite field extension B — > C is 
separable then Tr^/^/^ (c/3) = treys (c) • ft by Theorem 14.61 On the other hand, if 
B — ► C is inseparable then tr c/b(c) = and also <ic/B/A(ft) = 0. □ 

Proposition 5.10. Lei A 6 EFTAIg /K fee an integral domain whose field of frac- 
tions has characteristic 0. Let := A[s] cmd C := v4.[t] 6e polynomial algebras in 
one variable each. Define an A-algebra homomorphism f* : B — > C by f*(s) := t n 
for some positive integer n. Then 

Tr c/B/A (t n - 1 dt)=ds, 

and 

Tr c /s/A (t l dt) =0 for 0<i<n-2. 
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Proof. Let A' be the fraction field of A. And let's write Trc/B/A{t l dtj = Pi(s)ds 
with pi{s) G B = A[s). So we need to prove that p n -i{s) — 1 and Pi(s) = 
for < i < n — 2. Due to Proposition 15.81 we can localize to B' := A'[s] and 
C := A'[i\. Denote by /'* : B' — > C the corresponding homomorphism. Take 
any nonzero A 6 4'. There are A'-algebra automorphisms g* x : B' — > _B' and 
h\: C —>■ C, defined by fl^(s) := A™s and h* x (t) := At, and these satisfy foj o /'* = 
/' ° 9\- Since the trace is functorial (Theorem I5.2f 2)) we have Trj//^ oTvf lx ^ — 
Tr flA/A oTr /VA . But by Proposition E3 Tr gA /A (g x (f3)) = [3 for any [3 G n», /A ; 
so that Tr gA / A (p(s)ds) = p(A~ n s)d(A~"s) for any polynomial p(s) G B = A[s]. 
Likewise Tr^ A/A (^di) = A" (i+1) t l di. We conclude that 

A-( !+1 ) Pl ( S )d S = (Tr /7A oTr hA/A )(fdt) = 
(Tr ffx/A o Tr /7A )(f dt) = Pi (A-" S )d(A-" S ). 

Therefore Pi(X~ n s) = A"-( l+1 ) Pl (s). Since this is true for infinitely many A we 
must have Pi(s) = for < i < n — 2, and p n _i(s) is a constant. 

In order to compute the value of p n -i(s) G A we note that f'*(ds) — nt n ~ 1 dt. 
Since we are in characteristic we can divide by n, and by Proposition 1 5 . 91 we get 

Ttc'/BV^r-Mi) = ^ c , /B , /A {f*{n- 1 ds)) 

= ^C'/B'/aO-C') ■ n~ 1 ds = ds. 

□ 

Remark 5.11. The extra assumptions on the algebra A in the last two propositions 
are not really necessary. In Proposition 15 . 101 we can actually let A be an arbitrary 
algebra in EFTAIg /K. For the proof we would then use "rigid base change" (which 
is developed in |Ye4] to prove results on the residue map). Base change allows us 
to replace both K and A with the ring of integers Z. 

Similarly, in Proposition 15 . 91 we can let A be an arbitrary algebra in EFTAIg /K. 
However the proof here requires methods that aren't available yet, namely rigid 
complexes over adically complete rings. The idea is to use rigid base change, and 
the setup explained in Remark 15.31 to replace A — > B — » C with A — > B — » C. 
It is possible to choose the complete regular local ring A such that it has field of 
fractions of characteristic 0. 
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